Abstract. Let G = Spec A be a linearly reductive group and let w G ∈ A * be the invariant integral on G. We establish the algebraic harmonic analysis on G and we compute w G when G = Sln, Gln, On, Sp 2n by geometric arguments and by means of the Fourier transform.
Introduction
An affine k-group G = Spec A is linearly semisimple (that is, linearly reductive) if and only if A * splits into the form A * = k × B * as k-algebras, where the first projection π 1 : A * → k is the morphism π 1 (w) := w(1) ([A2, 2.6]). The linear form w G := (1, 0) ∈ k × B * = A * will be referred to as the invariant integral on G. The aim of this article is to establish the algebraic harmonic analysis on G and the explicit calculation of w G when G = Sl n , Gl n , O n , Sp 2n (char k = 0) by geometric arguments and by means of the Fourier transform, which is defined below.
An affine k-group G = Spec A is linearly semisimple if and only if A * = i A * i , where A * i are finite simple k-algebras ([ A1, 6.8] ). OnÃ := ⊕ i A * i ⊆ A * one has the non-singular trace metric and its associated polarity φ :Ã ≃ A. This morphism is essentially characterized by being a morphism of left and right A * -modules or equivalently of left and right G-modules. Let * : A → A, a → a * be the morphism induced by the morphism G → G, g → g −1 . We prove that the Fourier Transform
where w G (a * · −)(b) := w G (a * · b), is the inverse morphism of φ, because is a morphism of left and right G-modules. The product operation on A * defines, via the Fourier Transform, a product on A, which is the convolution product in the classical examples. We prove algebraically Parseval's Identity (Theorem 2.3), the Peter-Weyl Theorem (Eq. 6), the Inversion Formula (Eq. 12), etc. Harmonic Analysis has been developed from an algebraic point of view in finite groups and in the Cartier Duality on multiplicative groups (see [Se] , [DG] ). A. Van Daele, in the more elaborate algebraic framework of regular multiplier Hopf algebras with invariant functionals, defined the Fourier Transform and proved Plancherel's formula (see [V] ).
In order to compute w G , when G = Sl n , Gl n , O n , Sp 2n , we consider a system of coordinates in G, that is, we consider G = Spec A as a closed subgroup of a semigroup of matrices M n = Spec B. Then A is the quotient of B by the ideal I of the functions of M n vanishing on G. Hence, A * is a subalgebra of B * and one has that k · w G = A * G = {w ∈ B * G : w(I) = 0}. Moreover, B G (which is the ring of functions of M n /G), coincides essentially with B * G , via the Fourier transform.
G is semisimple if and only if A * is semisimple, i.e., A * = i A * i , where A * i are simple (and finite) k-algebras ([ A1, 6.8] ). If k is an algebraically closed field, then A * i is an algebra of matrices by Wedderburn's theorem. Notation 1.2. For abbreviation, we sometimes use g ∈ G or f ∈ F to denote g ∈ G · (B) or f ∈ F (B) respectively. Given f ∈ F (B) and a morphism of kalgebras B → B ′ , we still denote by f its image by the morphism F (B) → F (B ′ )
The Fourier Transform
Assume k is a field. If B is a k-algebra and E is a left B-module (resp. a right B-module) then E * = Hom k (E, k) is a right B-module (resp. a left B-module): (w · b)(e) := w(b · e) (resp. (b · w)(e) := w(e · b)) for all w ∈ E * , e ∈ E and b ∈ B.
Let B be a finite k-algebra, let tr B ∈ B * be defined by tr B (b) := trace of the endomorphism of B, b ′ → bb ′ , and ley T B 2 be the metric of the trace of B, that is,
, then φ B is a morphism of left and right B-modules. Obviously, φ B (1) = tr B .
Let B i be finite k-algebras and A * := i B i . OnÃ := ⊕ i B i one has tr = i tr Bi ∈ ⊕ i B * i = A and the symmetric metric of the trace T 2 (in fact, given
is a morphism of left and right A * -modules. Let 1 i := (0, . . . , i 1, . . . , 0) ∈ B, then φ(1 i ) = tr Bi . Obviously,Ã is an A * -module generated by {1 i } i , and 
With the notation of the previous theorem, if φ • F = Id then
for all a ∈ A and b ∈ A * . Let G = Spec A be a semisimple affine group. One has A * = i A * i , where A * i are finite simple algebras. Then we have the metric of the trace onÃ = ⊕ i A * i and the associated polarity φ :
Let E be a linear representation of a k-group G = Spec A. The associated character χ E ∈ A is defined by χ E (g) = trace of the linear endomorphism E → E, e → g · e, for every g ∈ G and e ∈ E.
Assume for simplicity that k is an algebraically closed field, then
Let E 0 = k be the trivial representation of G and let w G := 1 0 ∈ A * be the "invariant integral on G". The invariant integral on G is characterized by being G-invariant and normalized, that is, w G (1) = 1 ([A2, 2.11]). Given a functor of k-modules F then H = F * is a functor of G-modules if and only if it is a functor of A * -modules and the morphism w G · :
If E is a linear representation of G, we will consider E * as a left G-module by (g * w)(e) = w(g −1 · e). One has that χ * E = χ E * , because the trace of g −1 ∈ G operating on E is equal to the trace of g operating on E * (which operates by the transposed inverse of g).
Theorem 2.3. Let G = Spec A be a semisimple group and let w G ∈ A * be its invariant integral. The morphism
where
, is equal to the inverse morphism of φ.
Proof. Let us first prove that F :
where * = is due to (g · a)
, and * * = is due to g · w G = w G . Likewise, F is a morphism of right G-modules.
Assume k is algebraically closed. Then
Definition 2.4. Let G = Spec A be an affine semisimple group and let w G ∈ A * be its invariant integral. The morphism
is said to be the Fourier Transform of G.
If we consider on A the metric defined by
, then F is the polarity associated to this metric. If we consider the metric
(the corresponding classical analytical theorem is known as "Parseval's identity", see [E, 2.7 .3] and [GG] ). Let * : A * → A * be the transposed morphism of * : A → A. It is easy to check that * (g) = g −1 for all g ∈ G. By [A2, 2.11], * w G = w G . The Fourier Transform commutes with * , that is,
(1) The polarity associated toT
Algebraic Harmonic Analysis
Assume k algebraically closed for simplicity. Let G = Spec A be an affine semisimple group. LetĜ be the set of the irreducible linear representations
rs ∈ M ni (k) the null matrix except for the rs-coefficient which is equal to 1. Obviously, 
(the corresponding classical analytical theorem is known as the "Peter-Weyl Theorem", see [F, 5.12] ). Let E be a G-module and let E i be a simple G-module. Let us consider the
. Now, we want to compute the morphism E → E which is the identity over E ′ and null on F . In particular, we could obtain the decomposition of E as a direct sum of homogeneous modules.
Hence,
Now let us prove a formula from the classical harmonic analysis with strong applications in the solution of differential equations (see [GC, ch. 2, 2.1 
.(3)])
Proposition 3.1. Let G = Spec A be a semisimple group, let D be a left Ginvariant vector field on G and let D e be the value of the vector field at the identity element e ∈ G. Then
Notation 3.2. Given an affine scheme X = Spec A, we will denote A X = A.
G/H be the natural morphisms. Then, with the obvious notation,
for all a ∈ A G . (In the classical harmonic analysis this expression can be understood as the Poisson summation formula, see [GG] ).
Proof. The set of the irreducible representations of G/H is equal to the set of the irreducible representations of G which are H-invariant. The natural projection
The diagram
The image of the morphism F : A ֒→ A * is a bilateral ideal. Then it is a subring, Let a, b ∈ A, and let us denote by * the convolution product. Then for all x ∈ G (10)
In particular, given the identity element 1 ∈ G,
Inversion Formula Let G = Spec A be an affine semisimple group. LetÃ = Im F = ⊕ i A * i ..It is easy to check that the set of maximal bilateral ideals ofÃ is equal toĜ.
Definition 3.5. We will say thatÃ ⊆ A * is the algebra of functions ofĜ.
Let e ∈ G be the identity element of G, that is, the unit of A * . The diagram
We know that Hom
We want to prove that tr is the "invariant integral" onĜ.
A is a left (and right) A-module, then A * is an A-module, whose product we denote by·. Observe that
Proposition 3.6. Let k be an A-module as follows: a·λ := a(e) · λ, for all a ∈ A and λ ∈ k. It holds
Hence, tr :Ã → k is the unique morphism of A-modules such that tr(w G ) = 1.
Proof. Obviously, Hom A (A, k) = k · e and F • * : A →Ã is an isomorphism of A-modules. Hence, Definition 3.7. We will call the morphism
where 
, by Equation (1), for all a ∈ A and w ∈ A * .
Given w = (w i ) i ∈ ⊕ ρi∈Ĝ End k (E i ) =Ã, we denote Ĝ w = Ĝ w i dρ i . Then we can rewrite the previous theorem as follows
which allows to recover a function on G by means of its Fourier Transform (the corresponding classical analytical expression is known as the "Inversion Formula", see [E, 2.8.8] , [F, 5.15] and [GG] ).
4. Invariant integral on Sl n , Gl n , O n and Sp 2n
Let k be a field of characteristic zero. The groups Gl n , Sl n , O n and Sp 2n are semisimples, so they have an invariant integral. This section is devoted to the explicit calculation of the invariant integral on the groups Gl n , Sl n , O n and Sp 2n .
Let us consider the affine algebraic k-variety M n = End k (E), whose points with values in a k-algebra B is the semigroup of square matrices of order n with coefficients in B. Its ring of functions is
Sn and the morphism
There exists a unique structure of functor algebras on A * Mn such that this morphism is a morphism of functor of semigroups. Specifically, A * Mn is the direct product of the algebras (End k (E) ⊗n ) Sn ⊂ End k (E) ⊗n and given Notation 4.1. Given a k-vector space E we will regard the topology in E * whose closed sets are {(E/V )
Then, let us compute A Sln Mn . From the exact sequence of groups
it follows easily that k[x 11 , . . . ,
(which is well known, see [P, II.0.9] ) and, therefore,
Let us denote by δ ij the matrix of null coefficients, except for the ij-th coefficient that is 1. Observe that δ ij ∈ A * Mn(k) coincides with
Since det(x ij ) r is an homogeneous polynomial of rn-th degree,
be the Cayley operator, and let us denote
* Sln vanishing on the ideal I = (det(x ij )−1). Sincew is Sl n -invariant, one has thatw·w Sln =w. Therefore,w(I) = 0 if and only ifw(w Sln · I) =w(I Sln ) = 0.
Hence, ifw vanishes on the functions
for every n ≥ 1, andw(1) = 1, thenw = w Sln . Consequently,
.
It only remains to determine the value of
Every linear representation of Sl n is a submodule of a direct sum of A Sln (the regular representation). Moreover, A Sln is a quotient of the ring of functions of M n . Finally, the ring of functions of M n = End k (E) is included in a direct sum of E ⊗ m . . . ⊗ E. Let us compute, then, the invariants of Sl n acting on these vector spaces. 
Proof.
(1) We must calculate
. Fixed a basis {e 1 , . . . , e n } of E, let us observe that ∂ ∂xij |0 corresponds to the matrix δ ij that maps the vector e j to e i and the rest of the e k to zero. Then it is clear that D 0 · e i1 ⊗ . . . ⊗ e in = 1 n! e i1 ∧ . . . ∧ e in and (1) is proved.
(2) The r = nm-th component of w Sln is, up to scalar, D m ; that is, it coincides with
The inverse inclusion is obvious. (3) w Sln ∈ r S r End k (E) and its r-th "components" are null when r is not a multiple of n.
We can compute the dimension of (E ⊗ nm . . . ⊗ E) Sln :
] be the ring of functions of the linear group. One has that (A *
Sln , where G m is the multiplication group. First we will compute (A *
Gln ) * and then we will look for the Sl n -invariant ones among them.
A Gln is a Z-graded algebra, whose i-th component we denote by
Gm if and only if it factors via the obvious quotient A Gln → A 0 . This quotient morphism is a morphism of Gl n -modules. Now we must compute the linear forms w : A 0 → k that are Sl n -invariant. One has that
, A r := { homogeneous polynomials of n · r-th degree }.
, . . . , x nn ] * , and it is Sl n -invariant, then it must be w r = α r · D r . If we ask for w(1) = 1, then it must be 1 = w r (det
and
In conclusion, we have determined 1 the invariant integral w Gln on Gl n as a linear form over A Gln :
Invariant integral on O n . Let T 2 be a non-singular symmetric metric on a vector space E of dimension n. Let O n be the subgroup of the linear group of the symmetries of T 2 . In the algebraic variety S 2 E * of the symmetric metrics, regardless of the basis of E chosen, we can define (up to a constant multiplicative factor) the function det that assigns to each metrics its determinant. So, we can consider the open set S 2 E * − (det) 0 . The sequence of morphisms of varieties
is the quotient variety of Gl(E) by the orthogonal subgroup O n (acting O n on the left on Gl(E)). Fixing a basis in E, we will say that
] is the ring of functions of Gl(E) and
] is the ring of functions of S 2 E * − (det) 0 . One has the induced morphism of rings
The functions of Gl(E) invariant by O n identify with the functions of S 2 E * −(det) 0 . Therefore, via the morphism of varieties End k (E) → S 2 E * , S → S t • T 2 • S, the functions of S 2 E * identify with the functions of End k (E) that are (right) invariant by O n .
Let us express these equations without fixing basis. We have defined the morphism
that induces a morphism between the rings of functions
, that is expressed explicitly as follows:
. Equivalently, the left O n -invariant functions of the variety End k (E) are the direct sum of the images of the morphisms
. Therefore, the invariants of S 2m (End k (E) * ) by the left and right action of O n are
Let A On be the ring of functions of O n and let w On ∈ A *
It holds that:
by contracting each linear form with the corresponding vector. Therefore,
The inverse inclusion is obvious.
Let us consider the morphism
, that assigns to every metric T ′ 2 the endomorphism associated to the pair of metrics T 2 , T ′ 2 . Two metrics are isometrics (with regard to T 2 ) if and only if their associated endomorphisms are equivalent, and every endomorphism (up to conjugation) is the endomorphism associated to a symmetric metric and T 2 ( [Er] ). As a result one has that the invariant functions of End k (E) (by the action by conjugation of the linear group) are invariant functions of S 2 E by the orthogonal group. Conversely, let us see that A 
. . , a n ] d , where a s (λ ij ) are the coefficients of the characteristic polynomial of the matrix (λ ij ). Given f ∈ A On S 2 E , one has that f = p(a 1 , . . . , a n )/d r , where we can assume that p(a 1 , . . . , a n ) is not divisible by d. However, if r > 0 then p(a 1 , . . . , a n ) must vanish on all the diagonal matrices with repeated eigenvalues, then p(a 1 , . . . , a n ) is a multiple of d, which is impossible. Therefore, f = p(a 1 , . . . , a n ) ∈ A Gln End k (E) .
Let f be the composite morphism End
The invariant functions of End k (E) by the action by conjugation of the linear group coincide, via f * , with the functions of End k (E) that are left and right invariant by the action of the orthogonal group. The image of the morphism k [S m 
, and one has in the same way that ((S m End k (E)) * ) Gln = σ σ∈Sm . If α 1 , . . . , α n are the eigenvalues of T ∈ End k (E) and σ = σ 1 · . . . · σ r ∈ S m is the decomposition of σ as a product of disjoint cycles (the order of σ i = m i ≥ 1 and m 1 + . . . + m r = m), then it is easy to check that
, where S i are the power sums symmetric polynomials (of the eigenvalues of a matrix). Hence, a basis of ((
σ is a product of disjoint cycles of order less than or equal to n} and ∼ is the conjugation relation.
Finally,σ
is the permutation τ (2i − 1) = 2i − 1 and τ (2i) = 2σ(i).
So we have calculated the formsw ∈ A * Mn that are left and right O n -invariant. To compute the invariant integral w On on O n it remains to impose thatw(I) = 0, where I is the ideal of functions of M n vanishing on O n . Now, since w On ·w · w On =w, one has thatw(I) =w(w On · I · w On ) and w On · I · w On are the functions of M n that are left and right O n -invariant and vanish on O n . These ones identify, via f * , with the ideal I ′ of the functions of M n that are invariant by the action by conjugation of the linear group and vanish on Id ∈ M n .
One has
⊂ A Mn and w On · I · w On identifies with
If σ is a product of r disjoint cycles (included the cycles of order 1) it is easy to check thatσ(Id 1 ) = n r . Let us denote
satisfying w On (I) = 0, we have to solve, for every m, the system of equations (
, then
Let us give the first three terms of w On :
n 4 + n 3 + n 2 − 3n + . . .
Invariant integral on Sp 2n .
Let H 2 be a non-singular skew-symmetric metric on a vector space E of dimension 2n. Let Sp 2n be the subgroup of the linear group of the symmetries of H 2 . In the algebraic variety Λ 2 E * of the skew-symmetric metrics, regardless of the basis of E chosen, we can define (up to a constant multiplicative factor) the function det that assigns to each metric its determinant. So, we can consider the open set Λ 2 E * − (det) 0 . The sequence of morphisms of varieties
shows that Λ 2 E * −(det) 0 is the quotient variety of Gl(E) by the symplectic subgroup Sp 2n (Sp 2n acting on Gl(E) on the left).
The functions of Gl(E) invariants by Sp 2n identify with the functions of Λ 2 E * − (det) 0 . Therefore, via the morphism of varieties End 
is expressed explicitly as follows
Equivalently, the left Sp 2n -invariant functions of the variety End k (E) are the direct sum of the images of the morphisms Let us consider the morphism Λ 2 E ֒→ End k (E), H ′ 2 → H ′ 2 • H 2 , that assigns to each metric H ′ 2 the endomorphism associated to the pair of metrics H 2 , H ′ 2 . Two skew-symmetric metrics are isometric (with regard to H 2 ) if and only if their associated endomorphisms are equivalent, and an endomorphism T (up to conjugation) is the associated endomorphism of a skew-symmetric metric and H 2 if and only if every elementary divisor of T appears twice ( [Er] ). Let C ⊂ End k (E) be the closed set of such endomorphisms. Then, Λ 2 E/Sp 2n = C/Gl (E) . Let us write
shows that End k (E ′ )/Gl(E ′ ) = C/Gl(E) = Λ 2 E/Sp 2n . The ring of invariant functions of End k (E ′ ) (by the action by conjugation of the linear group Gl(E ′ )) is the image of the ring of invariant functions of End k (E) (by the action by conjugation of the linear group Gl(E)), then the ring of invariant functions of Λ 2 E (by the action of Sp 2n ) is the image of the ring of invariant functions of End k (E) (by the action by conjugation of the linear group Gl(E)). Remember that {σ} 
